Abstract. Modern replica plane reflection gratings are now easily and cheaply available. These enable high-precision optical spectroscopy to be carried out in the undergraduate teaching laboratory. We illustrate this by describing experimental measurements (i) on the separation of the sodium doublets and (ii) on the ratio of the mass of the proton to the mass of the electron.
Introduction
In his book Radiation and Optics (Stone 1963) John M Stone suggests that 'in the history of physics the diffraction grating stands out as one of the most important instruments, comparable with the present accelerators'. In the 19th century, up until 1891 when Michelson introduced the interferometer, the grating provided the only way of accurately measuring the characteristic wavelengths of line spectra. In 1882 H A Rowland developed ruling engines to produce reflection gratings by cutting parallel lines on a surface to an accuracy which is astounding even by today's standards. Engines were made that could produce more than 14 000 rulings per inch on a flat surface. The first such gratings were rightly regarded as masterpieces of design and were treated as such. In the Physics Department at University College, Cork there is a plane reflection grating from 1889 in its original padded box with the name of the engraver, number of rulings and place, month and year of manufacture proudly scratched in tiny writing on its surface. Nowadays, of course, it is possible to produce high-quality replica gratings in large quantities and at a modest price. The blazed plane reflection grating with a nominal 600 lines per mm that we used in the work described here, was purchased from Edmunds Scientific for less than $30. The construction of an easily built spectroscope is described by Thompson (1996) .
In this paper we show that with such a reflection grating and a reasonable quality teaching spectrometer, a student can get a flavour of high-resolution optical spectroscopy. (We will use the term 'reflection grating' throughout to refer to plane reflection gratings only. Concave gratings, also invented by Rowland, are widely used for IR and UV spectroscopy but do not concern us here.) Although in most undergraduate textbooks on light the reflection grating usually gets no more than a paragraph following the extensive treatment of its transmission counterpart, the same theory does, of course, apply to both. The resolving power of the grating, for instance, is given by the product of the number of lines on the grating (strictly speaking, the number of lines (N) on the grating that are illuminated during the experiment) and the order n of diffraction. As we will show, however, the practicalities of the experiment are such that a reflection grating with N lines can give brighter fringes and more than twice the resolution of its transmission counterpart used in the same conditions. If we assume a conservative value of 232 U M T Buckley and F A Deeney N = 1200, i.e. assuming that a length of 2 mm is illuminated, and n = 3, the resolving power (RP) is given by RP = λ/ λ = Nn = 3600 so that, for λ = 600 nm, λ = 0.167 nm is the smallest resolvable difference in wavelength. This, of course, is the ideal. The real value will be larger but should still be in the region λ < 1 nm. From this we deduce that the yellow sodium doublet (D lines) with λ ∼ = 0.6 nm should be easily resolvable. The work described below involves investigation of the doublets in the visible sodium spectrum together with the doublets in the spectra from a 50/50 hydrogen-deuterium discharge tube ( λ ∼ = 0.14 nm).
Experimental
As we will see, there are important differences in the experimental set-up between transmission and reflection grating experiments. In both cases the grating is centred carefully on the levelled turntable of a spectrometer which has been set up for parallel light, etc, in the standard way (e.g. Whittle and Yarwood 1973) . For transmission, it is usual to operate with the light incident on the grating at right angles to the surface, in which case the basic formula
applies. The telescope is moved from the straight-through position to pick up the diffracted slit images thereby finding θ . (By measuring the angular separation of fringes of orders +n and −n one obtains 2θ for that order thereby doubling the accuracy of the measurement.)
The technique for the reflection grating is different, however, in that it is usual to hold the collimator-telescope separation fixed while rotating the grating by turning the spectrometer turntable. The rationale for this, and also the way of picking the optimum collimator-telescope separation, can be explained by looking at the theory laid out in the next section. At high orders the images are faint and the experiments are best carried out in a darkened or semi-darkened room. Note that it is necessary here to use a spectrometer with a vernier scale on the turntable to enable the accurate measurement of grating rotation angle. The spectrometer used by us was manufactured by Precision Tool and Instrument Co Ltd and has a resolution of 0.01
• .
Theory
Referring to figure 1 we see that the grating formula for the reflection case may be written as
Note the sign convention used here, i.e. θ 1 and θ 2 are both taken as positive if they lie on opposite sides of the normal to the grating. Equation (2) can be conveniently rewritten as
where K = 2d cos((θ 1 + θ 2 )/2) and α = (θ 1 − θ 2 )/2. Equation (4) has the same form as equation (1). Inspection of figure 1 shows that α is, in fact, the angle between the position of the normal to the grating at order n and its position at order n = 0, i.e. it is the angle between the normal to the grating and the bisector of the angle between the collimator and telescope. Thus if K is kept constant (by fixing the angular separation β = θ 1 + θ 2 between telescope and collimator) then λ can be determined accurately by rotating the turntable and measuring the angle α between the zero-order position and the orders n = 0. The angle between collimator and telescope is measured at the beginning and d is assumed known, hence K can be calculated.
To determine λ in the case of a source, such as sodium, that has one or more closely spaced components, say and λ + λ, consider equation (2) and write
θ 2 is the angular separation between the two components as seen in the telescope and θ 1 = 0. Hence
This is the equation used to find λ. θ 2 can be measured (note that it is θ 2 , where 2θ 2 = β − 2α, that is used and not α as was used in finding λ) and θ 2 can be found accurately, particularly if a vernier eyepiece is used in the spectrometer. The scale in the vernier eyepiece can be easily calibrated against the scale on the spectrometer thereby considerably increasing the sensitivity of the angular measurement.
Two questions now arise: (i) what is the maximum number of orders that can be seen for particular values of d and λ and (ii) what is the optimum angular separation between collimator and telescope? We can answer these as follows.
From equation (1) it emerges that the maximum number of orders visible in the transmission case is <d/λ. Taking 600 lines/mm and λ = 600 nm, the maximum order is then 2. To find the same for a similar reflection grating we look at equation (3). In this case the maximum order is 2d/λ and putting in the same values as before for d and l gives n max = 5. We see that under these particular experimental conditions, the gain in using a reflection grating over a transmission grating is in fact 2.5 rather than 2 as might be expected initially. The extra 0.5 is fortuitous due to the numbers chosen here but these, or very similar parameters, are values typically encountered in the experiments described below.
To estimate the optimum telescope-collimator separation we look again at equation (3). One condition for maximum order n max is β = θ 1 + θ 2 = 0
• (or 180
• but this is not a practical option). Realistically this means that the angular separation β between collimator and telescope should be as close to 0
• as possible. In practice a value of β of 35
• is a reasonable and achievable choice giving a cosine term of 0.95. The other requirement is to optimize sin α which requires α = 90
• or 270
• . α is the angle between the normal to the grating and the bisector of β so in practice the limit to viewing restricts the maximum α to 90
• − β/2; i.e. the grating can be turned from the n = 0 position until its plane is parallel to the axis of the collimator for rotation in one sense, or parallel to the axis of the telescope for rotation in the opposite sense. Hence, since in our experiments β = 35
• , the factor sin α will be 0.95 rather than 1. Using these limit values for cos β/2 and sin α, the fifth order should be just on the edge of visibility.
Results

Experiments with thallium light.
Thallium discharge lamps are useful light sources in the undergraduate optics laboratory in that as well as emitting quasimonochromatic light, they also exhibit hyperfine structure which can be observed using a medium-quality Fabry-Perot interferometer. They are a little more expensive than sodium lamps of the same quality but are readily available (see, for example, the Spindler and Hoyer catalogue). The tabulated wavelength is 535.046 nm (Handbook of Chemistry and Physics). The prediction here is that five orders should be visible with our reflection grating. The experiments bear this out with five orders visible on each side of the zeroth order. The measurements λ exp for fifth order are given in table 1 which also includes the measurements for sodium lines and the tabulated values λ tab . The values are seen to be systematically high indicating that the nominal value of 600 lines per mm is not exact. Working back using the tabulated value for λ(Tl) allows a corrected value of d to be found. The other values given in table 1 are for various lines in sodium which we also measured. Note that the corrected value of d has been used for these giving good agreement between λ exp and λ tab .
Experiments with sodium light.
In this case, for the yellow D lines, five orders of diffraction were seen on one side of the n = 0 position but only four on the other, confirming how near to the cut-off point for fifth-order visibility the system is. The sodium doublets were all visible at least at lower order, with the yellow D lines predominant. At fifth order the D doublet was very well resolved. In this position the lines in the doublet were somewhat curved but not to an extent that interfered with measurement. The separation of the doublets was measured using a vernier eyepiece, also made by Precision Tool and Instrument Co, which increased accuracy several times. The results, obtained using the corrected d from the thallium measurements, are presented in table 2. Measurements were also made on the other doublets and λ was found in each case for the highest visible order. The results are seen to be excellent. The value λ = 0.60 nm found for the yellow sodium doublet may be compared to the tabulated value of 0.595 nm obtained by high-resolution spectroscopic means (Handbook of Chemistry and Physics).
4.3. Experiment using a hydrogen-deuterium lamp; determination of the ratio of the mass of the proton to the mass of the electron.
This experiment was carried out using a 50/50 hydrogen-deuterium discharge tube as the source (CENCO catalogue). From standard Bohr theory, the wavelengths of the visible components in the hydrogen spectra are given by
where R ∞ = m e e 4 /8ε 2 0 h 3 c is the Rydberg constant with the mass of the nucleus assumed to be infinite. Correcting for finite mass gives R H = µ H e 4 /8ε 2 0 h 3 c as the modified Rydberg constant where µ H = 1/(1 + m e /m p ) is the reduced mass and m p is the mass of the proton. For deuterium gas the reduced mass is µ D = 1/(1 + m e /2m p ) and hence the spectral lines in deuterium will be slightly decreased in wavelength with respect to their hydrogen counterparts. In fact,
so that
Hence by measuring λ one can evaluate the ratio of the mass of the electron to the mass of the proton. Putting in numbers shows that the expected λ for the red doublet in hydrogen/deuterium is about one-third of the separation of the yellow sodium doublet and hence it is well within the resolution limit for our grating. Indeed from theory, the sixth order should be observable. There is the practical problem, however, that the intensity of this lamp is much less than the sodium lamp so problems of visibility arise and a well-darkened room is necessary. Under these conditions the fourth order was the highest usable order. Even with this it was hard to carry out detailed measurements, as it was difficult to see the cross-hairs in the field of view. The results obtained were λ = 0.18 ± 0.01 nm for the red doublet giving an experimental value for m p /m e of 1800 ± 100. We are now at the limit of resolution for the system. To improve on this one must use a different technique, e.g. a spectrograph or a Fabry-Perot interferometer. It should be mentioned that in the absence of a hydrogen/deuterium tube, one could use just a regular hydrogen discharge tube, which in conjunction with this grating will give excellent values of the wavelengths of the various visible components of the hydrogen spectrum. From these an accurate value of R H can be found.
Conclusion
In many introductory physics laboratories it is customary to introduce students to the diffraction grating and the spectrometer using various replica transmission diffraction gratings. In particular, a 600 line/mm grating is used to separate the sodium doublet allowing λ measurements of reasonable accuracy. In this paper we have shown that if the spectrometer used is of moderate quality (the spectrometer used by us has scales with an accuracy of 0.01
• ) then with a very little extra expenditure it is possible to use a replica plane reflection grating to obtain significantly better results. We note (i) that the spectra are much brighter in reflected light, (ii) that the resolution is far superior enabling excellent values of λ for the sodium doublets to be obtained and (iii) that if a hydrogen-deuterium discharge lamp is used, the doublet separation can be measured fairly accurately giving a value for m p /m e .
